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ABSTRACT

Fuzzy queuing structuresilluminateaccessibility and heterogeneity in all domains. Queues and congestion are
common prevalence we face in all corners.This paper analyses the procedure for various fuzzy performance
measures of the multi-server queuing model based on the alpha-cut with its arithmetic operations to handle
uncertain parameters. The fuzzy estimators A andfiare based on Poisson and exponential distribution. A
progressive and flexible technique called flexible alpha-cuts method is applied to the proposed method with

numerical example.
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l. INTRODUCTION

Waiting line techniques form an integral part in fields of operations research, transmission and
interconnection frameworks, which was rooted in the 20™" century spread rapidly in all areas which later
on flourished with constraints to apply randomness with uncertainty in all possibilities to produce
innovation with optimum utility.Multiserver systems, a generalization of M/M/1 queue,are depicted
with similar servers or with different types of servers to impartassistance to the consumers arriving into
the queue. Many realistic predicaments can be modelled with such systems, to enrich present
circumstances.

Queuing models marked renowned applicability in real time systems. Since the last three decades these
techniques were massively researched by numerous investigators and has extended its utility on

uncertain grounds. Fuzzy waiting line models have been discussed by various investigators like Zadeh ,
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L.A, Li,R.J., and Lee ,E.S., Negi ,D.S., and Lee ,E.S.,, Kao,C,, Li,C., and Botzoris ,G.N., Papadopoulos ,B.K.,
and Sfiris ,D.S., applied fuzzy estimators to the performance of M/M/s queuing systems.).P. Mukeba.
K[9] has analyzed that fuzzy queue characteristics can be constructed by a new process called “flexible
a-cuts method”. We extend this idea by taking fuzzy multi-server queues and applying flexible a-cuts
method with parametric non-linear programming approach to explore its perceptivity.The o-cuts
arithmetic is applied for defuzzification, interval arithmetic for performing classical arithmetic and

characteristic function of a-cuts is needed for fuzzification.

Pentagonal Fuzzy Number: A pentagonal fuzzy number given by A= (a, b, c, d, €) has a membership

X—

%)

( L1(X)=E whena<x<b
Lz(X)=§ whenb <x<c
function p,(x) =4 1 s whenx =c¢
Ri(x) = 5= whenc<x<d
Rz(X)=:_;Z whend<x<e
0 otherwise

ESTIMATION PROCEDURE FOR FLEXIBLE a-CUT:
The objective of Flexible alpha cut is accomplished only when classical queue formulation and fuzzy
waiting line input specifications are perceptible. Introduce fuzzy queue characteristic with input
parameters and estimate fuzzy characteristic and constraints compatibleto the parameters of classical
model. Implementing basic arithmetic operations in R and Zadeh’s extension principle the crisp
characteristic is illuminated to fuzzy characteristic in F(R).
STEPS:
1. Generate the alpha-cuts for all input variables.
2. Apply alpha-cuts fuzzy arithmetic to fuzzy queue characteristic.
3. Use interval arithmetic to obtain lower and upper bounds whose reciprocals signify the
membership function as
@700, 40 <x<4"®
7;(0)=1(8")"(x), ¢ Q) <x<4"(0)
0, otherwise.

4. Puta=0instep (3) to get the support bounds, and its most possible value.
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II.LMODEL DESCRIPTION
The frequently used queuing model is M\M\S¢ or Erlang delay model. It takes a single queue with S¢
identical servers. Customers arrived based on Poisson process and service time follows exponential

distribution. This model stipulates three specifications such as average arrival rate ' Af ' average service

1 . . . .
rate ™ and the number of servers’S¢’ to obtain the performance measures with sufficient data. The
F

performance measures are:

1.Positive delay: Pp=1-Y>F~'PF_

n=0

2. Average time spent in line:WFy = PD/[(1 0)Sei ]
_ Pl

3. Utilization factor: p = )\F/SFU- wherep < 1
F

4. Probability that n customers are in the system at a given time
AR
nluf
N
Sg FSplul

PFO (1 <n< SF) 1

—1 (ps n SFg S+l 17
wherePF0=[ZSF (psg)” | P7FSk

PF,= o wherep <1
PFO (n > SF) n n! sF!(sF—psF)]

I1l. NUMERICAL EXAMPLE
Let the arrival and service stream bekpp = [1,2,3,4,5] ,fipp = [6,7,8,9,10]; Spp = 3 servers
The interval of confidence for different levels of a are:

Apro = [200+ 1,5 — 2a] andfipp, = [6 + 20,10 —2a],0 < a < 1

N~ APFq 2a+1,5-2 .
DPppy = SPFPi;pF = [1;22“,30_?]2“] = {minF, (a), maxF, (a)}
2a+1
fi2 () = 18u+6(x
2a+1
fi2(@) = 300(—6(1 ] ]
= s_2, Where minF; (o) = min{f;; (), fi5(a), fi3(a), f14(a)}
fi3(c) = 18+6a
5-2
fia(0) = 30—6aa
2a+1
fra (o) = 18a+6a
2a+1
fi2(a) = 30a_6a
= 5-20a where maxF; (@) = max{f;(a), f1, (o), fi3(a), f14(a)}
fi3(a) = oo
5-2
fi4(a) = ﬁ

20+1 5-2a ]

. 20+1 5-2a ~
whose solutions areminF, (a) = ——; maxF,(a) = . Hence = [—
1() ’ 1() 6a PpFq 18+6a’ 30—6a

18+6a 30—
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(ii) Fuzzy probability when system is empty isPpgg =

n S
spr—1(sprepr) , (SpEPpE) T ¥
n=0 ni " spp!(1-ppp)

1 (10a+5)?

30+24a 78—24a
30—6a’ 18+6a

18+6a’ 30—6a

(10m+5)2 10a+5
(18+6a)2 18+60
£, (a) = (10a+5)2 25-10a
32 e
(18+6a)2 " 30-6 : :
=9 (25— 13002 100:5 where minF;(a) = min{f3; (a), f3; (o), f33(a), f34(a)}
fa3(c) = (30-6a)2 " 18+6a
(25-100)2 25-10a
kf34(a) (30-6a)2 " 30-6a

(f31(c) =

f3 (o) = (100+5)® 10a+5
1 (18+6a)2 " 18+6a
£, (o) = (100+5)* 25-10a
(18+6a)2 " 30—6a
(25—-10a)? 10a+5

fa3() = (30-60)2 " 18+6a
£1u(0) = (25-10a)? 25-10a
4 (30—6a)2 " 30—60

maxF3(a) = max{f3; (), f3,(a), f33(a), f34(a)}

(10a+5)3

(25—-10a)3
(18+6a)3

and maxF;(a) = (30603

minF;(a) =

1

PPF0=1 [10a+5 25-10a
18+6a’ 30—6a

]+{minF4(a),maxF4(a)}+{minF5 (a),maxFs ()}

_ _ (10a+5)? _ (2571002
whereminF,(a) = 2(16160)? and maxF,(a) = 2(30—6a)?
100+5)% 30+24
(f51((1) — ( a ) o

(18+6a)3 " 30—6a

(10a+5)3 78-24a
feo (a —_—
s2(a) = (18+6a)® " 18+6a

={ (25-100)° 30+240lwhere minFg(a) = min{fs;(a), fs,(a), fs3(a), fs4 ()}

fs3(c) = (30—6a)® " 30—60
(25-10a)3 78-24a

fs4(c) = (30—6a)3 ° 18+60
10a+5)3 30+24

(51 (e) = 22042 301240

(18+60)3 " 30—6a
o, (a) = (10a+5)3 78—24a
52 T N3 imare
_ (18+60)3 " 18+6a _
_<f (o) = (25-100)? 30+24a where maxFs(a) = max{fs; (a), f5,(a), fs3(a), f54 ()}
53 (30-6a)3 " 30—60
_ (25-100)® 78-24a
\f54(a) T (30-60)3 * 18+6a

(25-10a)3 78-24a
(30-6a)3 " 18+6a

(10a0+5)3 30+24a
(18+6a)3 " 30—6a

minFs(a) = and maxFs(a) =

. __ (25-10a)?
_1 [10a+5 25—10a]i{m1nF2(cx) ,maxFy(a)} {mmFg(a) maxF3(a)} where mlan (Q) (18+60)2’ maXFZ ((l) -

(30-60a)2

103680%+106272a3+3965760%+6298560+349920 10368a*—1892160°+1283040a%—38232000+4212000

l:’FO_[19680(14+282624-0(3+773064-0(2+9629760t+4-68120 ’ 30048a*-598176a3+381204002-10111200a+ 4—722030]
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Apra ) PF
. . (ﬁPF ) 'pPFu
(iii) Fuzzy expected number of items in the queue:Lppq = ———— Ppgo
spr!(1- Pprq)

. 2a+1 5—-2a 2a+1 5-2a
{mlnF6(a)'maXFB(u)}[6+2a'10—2a]'[18+6a’30—6a] P

6([25—4a 17+4a])2
30-6a’18+6a.

20+1 20+1
fe1(a) =

6+2a° 6+2a
20+1 5-2a
16 = S G0 e minF (@) = min{fys (00, fea(@), o3 (00, o (@)
al ()_5_20{ 2oty Where minFg(a) = min{fs; (), fs2 (@), f3 (), fesa(a
63\ Q) = T 6+2a

5-2a 5-2a
foa () = .
64(a) 10—2a " 10-2a

2a+1 20+1
for(a) ==—

6420 6+2a
2a+1 5-2a
16 = 6 G0 e tmaxk (@) = maxdfen (@), o (@), s (@), Foa (@)
_f()_S—Z(I 2a+1WeremaX6a—maX 61(1,62(1,63(1,64(1
63\ Q) = T 620

5-2a 5-2a
foa(a) = .
64 () 10-2a " 10-2a

(2a+1)? (5-2a)2

minFg(a) = (61207 and maxF¢(a) = o=z

_ UninF7(a)JnaxF7(a)}[2u+1 5—2u]

18+6a’30—6a . : _ (2a+1)3 _ (5-20)3
Lppq = 6([25_% 17+4“D2 Pppo With minF, (o) = TEE and maxF,(a) = e
30—6a’18+6a

[(2a+1)3 (5—2003] [2a+1 5—2a] _
(6+2a)3” (10-2a)3] " 118+6a’ 30—6a _ {minFg(a), maxFg(a)}

6 ([25—4a 17+4-a])2 PFO ™ 6{minFq(a), maxFq(a)} PFo
30—6a’ 18+6a.

PFq —

( _ (2a+1)3 2a+1
fgy () = (6+2a)3 " 18+60a
_ (2a+1)? 5-2a
fgz () = (6+2a)3 " 30—60a } }
(5-2a)° 2a+1 where minFg(a) = min{fg, (a), fg2 (), fgz (@), fga (o)}
faz () = (10-20)3 " 18+6a

_ (5-2a) 5-2a
faa () = (10-2a)3 "30—6a

_ (2a+1)% 2a+1

fg1 () = (6+2a)3 " 18+60a

__(2cx+1)3 5-2a

faz () = (6+2a)3 " 30—60
(5-200° 2a+1 maxFg(o) = max{fg; (), fg (a0), fgz (@), fga (@)}

fas(a) = (10-20)3 " 6+2a

__(S—ZQP 5-2a
\f34 () = (10-2a)3 "30—6a

Ra+1)® 2a+1 . (a) = (5-20) 5-2a
6 +20)3 18+ 6a 8 = 10 " 24)3'30 — 6a

minFg(a) =
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On simplification we get,

. _ (25-40)%, (17+4a)? 6(25—4a)? 6(17+4a)?
minFq(a) = m,mang(a) (srea? M minF;y(a) = 30607 smaxFqy(a) = 1607
. _ (2a+1)® 2a+1  (30-6a)? _ (5-20)® 5-20 (18+60)?2
minFy, (@) = (6+20)3 " 18+60 " 6(25—40a)2 and maxFy (o) = (10—-20)3 "30—6a " 6(17+4a)2
(2a+1)® 2a+1 (30-60)? _ (5-20)® 5-2a (18+60)?
minFy () = (6+20)3 " 18+6a  6(25—4a)2 - Pprro; maxFip(a) = (10-2a)3 "30—-6a " 6(17+4a)2" PFRO

On further substitution and simplification, the solution is obtained as,

5971968a? + 13436928a° — 222455808a® — 854737920a’ + 1151470080a°
+109190903040° + 22363807104a* + 2177696793603 + 11228232960a?
Lon. = +29603232000 + 314928000
PFa 90685440010 + 1256988672a° — 225228902408 — 80405084160a’
—2546331379200° + 7814803968000° + 6897390955776a*
+190593543905280a3 + 2731143609216002 + 20956382208000a
+6825189600000

5971968a® — 13876288a” + 10943631360° — 32539760640’ —6634483200a°
+71474659200a° — 1533932640000* — 108358560000 + 986191200000a?
—1570266000000a + 852930000000

’ 138461184010 — 4348698624a° + 48996154368a8 — 185971203072a’
—7205439628800° + 8850564403200a> — 23634948960000a*
—35195817600000a3 + 330443301600000a? — 693009216000000a
+507038940000000

(iv) Fuzzy expected number of items in the system:

APFq .
Lpps = Lppq + ﬁ =Lppq + {minF;3(a), maxF;3(a)}

20+1
(f131(a) = 6?_20[
20+1
fi32(0) = 10a_2a ) _
= 5—2q Where minFy3 (o) = min{f;3; (@), f132(), f133(0), f134 (00}
fizz(a) = 612a
5-2
f134(0) = To— 20;
20+1
(f131(a) = 6:1_2
20+1
f132(0) = loa 2o
= 5-2a where maxFy3(a) = max{f;3; (a), f132(0), f133(), fi34 ()}
fi33() = 512
5-2
Lf134(01) = 10_20;

5—-2a
whose solutions are minF;3(a) = — and maxF3(a) = T

On substitution and simplification,
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193314816011+26673684401°-36118794240°-16610666803208—592496847360a’ +1337074656768a°

+146865044643840°+45193836515328a*+738353448483840° +692974905523200%+346251532032000
- +6827079168000
181370880a11+30580899840a109+30373539840a°—-174323902464a8-991696780800a” +35161966080a°

+1848366429235205+79503054515712a%+16897899852748803+205781380968960a2%+139388672448000a
+40951137600000

288866304a'! — 975175424a° + 1232532910080’ — 634374761472a® — 491961116160a’ + 2151314277

—92544253056000a° + 491003251240a* + 839921659200000a® — 3051237384000000a? + 44965324800
—2543724000000000

* 27692236801 — 1008200908800 + 141479294976a° — 861903949824a8 + 418624104960a” + 249065684

—1357755419520000° + 1659578544000000* + 101284477920000003 — 4690451448000000a? + 794417004
—5070389400000000

(v)Fuzzy expected time an item spends waiting in the queue:

_ Lpra _ [LPFLwLPFRA
Wpgq =

" Xppa  [2a+1,5-20] ={minFy4(a), maxFy4(0)}

(f141(01) = Lerle

20+1
f1a2(@) = ZREL:
5-2 . .
=3 LPFR(:where minFy4(a) = min{fy4, (), f142(), f143(a), f144(a)}
f1a3(a) = el
LPFRa
Lf144 (o) = %
LpFLa
(f141(01) = %
f1a2(@) = ZPFLa
5-2
=3 LPFR(:where maxFy4(a) = max{fi4;(a), f142(@), f143(), f144 ()}
f1a3(a) = Sarl
LPFRa
f1a4(a) = %
. _ LpFLa _ LpFRa
minF,(a) = Sapg @nd maxFq,(a) = 2

Finally, on simplification we get,
VvPFq

5971968a1° + 13436928a° — 22245580808 — 8547379200’ + 11514700800a°
+10919090304a° + 22363807104a* + 217769679360 + 112282329600
429603232000 + 314928000
19331481601l + 2667368448010 — 36118794240° — 16610666803208 — 592496847360a’
+1337074656768a6 + 146865044643840a5 + 45193836515328a*
+7383534484838403 + 6929749055232002 + 34625153203200a
+6827079168000
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5971968a1°-13876288a°+1094363136a8—3253976064a’ —6634483200a°®
+71474659200a°—153393264000a* 1083585600003 +986191200000a>
—15702660000000+852930000000
’—288866304011+9715175424019-1232532910080°+63647476147208+491961116160a”
—21513142771200a6+92544253056000a5—-49100325120000a*
—83992165920000003+305123738400000002—4496532480000000a
+2543724000000000

(vi)Fuzzy expected time an item spends waiting in the queue:

1 .
Wpgs = Wpgq + o Wppq+{minF;5(a), maxF;5(a)}

. . 1
whose solutions areminF; s (a) = > and maxFz(a) =

1
10-2a

[ 1 1
6+ 2a’10 — 2a

Wprs = | WepLg, Werrg] +

a Lprq Lprs Whpgq WhpFs

Finally, on simplification we get,
Wpps =

205258752a'! + 273007411201 — 3976169472a° — 169150878720a8 — 595322334720a’ + 1365821657856
+147967488204160° + 45371573293824a* + 73988463121920a3 + 69370780596480a>
+34643544998400a + 6828968736000
38662963202 4+ 6494625792a'! 4+ 8780451840a'® — 3538846126080° — 2181633702912a8 — 880831770624
+37395456869376a° + 178506699816960a° + 4188337087887360*
+58160705019494403 + 485035249720320a? + 221405077555200a
+40962475008000

—300810240a'! + 10040647680a'° — 126770780160a° + 6518263449600 + 5921110195200’ —217224369
+935657861760000° — 50417540440000a* — 842977627200000a> + 3064239828000000a?
—45139410000000000 + 2552253300000000
’577732608a'? — 22319013888a'! + 3436583362560l — 2501282433024a° + 5359825382400a8 + 4794589¢
—4002199338240000° + 1023643180800000a° — 1188840067200000a*
—1450169136000000003 + 39505438800000000a? — 50052772800000000a
+25437240000000000
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0 | [0.0000460.001682] [0.166712,0.501682] [0.000046,0.000335] [0.166712,0.100335]
0.2 | [0.000127,0.001513] [0.220013,0.480676] [0.000091,0.000328] [0.156341,0.104494]
0.4 | [0.000256,0,001330] [0.264962,0.457852] [0.000142,0.000315] [0.147201,0.109011]
0.6 | [0.000426,0.001133] [0.305981,0.432955] [0.000193,0.000297] [0.139082,0.113935]
0.8 | [0.000628,0.000939] [0.342734,0.405701] [0.000241,0.000275] [0.131820,0.119329]

1 | [0.000854,0.000743] [0.374854,0.375743] [0.000284,0.000247] [0.125284,0.125300]

If a runs from 0 to 1, the bounds of real intervals in the above calculations, describe the membership

functions of fuzzy queue characteristics presented in table and graphs as follows:

IV. CONCLUSION

12 2
1
0 ;
0 A %
0 .
0 000005 00001 000015 00002 000025 00003 000035 0.0004 9 002 M 005 oos o1 [k L % 18

Modeling Queuing Systems throw light in diminishing congestion problem occurring in all aspects of life.

Fuzzy queuing approaches marks its richness in rectifying complex data linked with ambiguity. Multiple

server queues with flexible alpha-cut method is discussed for pentagonal fuzzy numbers which throws

light on wider exploration of the support bounds, extremities, range of the system performance

characteristics and its most possible value.
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