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Abstract 

In this paper we study a linear transform between bounded linear operators for every continuous 

surjective algebra homomorphism from X → Y on Banach space has the Wiza property. Through this study 

we get Banach space X which satisfies the Wiza property if and only if it satisfies the rule deduced from 

the main result. This rule is satisfactory for a Banach space with is omorphicbases for finite co type and 

Neumann norm (p-spaces). 
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1. Introduction  

We will start our study in this paper with the problem mentioned by Horváth [1], does space 

Lp = Lp(0,1) have Wiza property? And based on our main result, Corollary (1.14)  , the  space 

Lphave  aWiza property , but we do not know whetherL1 it has the property, and also in [2, 

theorem 4.3.10] the space L∞ have  the Wiza property because L∞is isomorphic as a Banach 

space tol∞ . Also previously identified the spaces Lp for 1 ≤ p ≤ ∞ ,have  the Wiza property [1]. 

If X, Y banach spaces we say that X have Wiza property if the linear transform from the space 

L(X) on X onto L(Y)is injective and Banach space X called isomorphic as Banach space to Y in 

[3] . 

Before stating our theorems we need the following definitions: 
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(𝟏. 𝟏)Definition (𝐮𝐧𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧𝐚𝐥 𝐬𝐜𝐡𝐚𝐮𝐝𝐞𝐫 𝐝𝐞𝐜𝐨𝐦𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧)(USD) 

Let (Eα)α∈A  a family of closed subspaces of  X , we called (Eα)α∈A  an USD , for X if  ∀ x ∈ X  

there is a unique representation x = ∑ xαα∈A  so that the convergence unconditional and ∀α ∈

A,  the vector xα ∈ Eα. We conclude that Eα⋂Eβ = {0}, When α ≠ β, and there are idempotents   

Pα on X such that Pα X = Eα, PαPβ = 0 , And therefore Pα are in L(X). 

(𝟏. 𝟐)Definition  

Let B subset of  A then the family {∑ Pαα∈F ∶ F ⊂ B finite} is bounded in L(X) and convergence 

to Pβ has a range span̅̅ ̅̅ ̅̅ ̅α∈β Eα. 

(𝟏. 𝟑)Definition(𝐬𝐮𝐩𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 ) 

We define the suppression constant of the decomposition by {‖∑ Pαα∈F ‖: F ⊂ A finite} . that is 

mean ‖Pβ‖ on definition(1.2)is bounded for all subsets B of  A by this suppression constant. 

(𝟏. 𝟒)Remark  

The family (eα)α∈A  forms USD basis for X where  Eα = Keα
 (K is the scalar field), in the following 

we use schauder decomposition of   Eα is a finite dimension, this decomposition is called finite 

dimensional decomposition (FDD) and discussed in [ 4,section 1.9]. 

(𝟏. 𝟓)Definition  

Let (𝐄𝛂)𝛂∈𝐀 a family of conditional schauder decomposition (CSD) for X  is boundedly complete 

if   {‖∑ xαα∈F ‖X: F ⊂ A finite , xα ∈ Eα} is bounded, then the sum ∑ xαα∈F convergence in X 

(𝟏. 𝟔)Definition 

Let (Eα)α∈A  a family of (CSD) for X  we say that decomposition is discrete lower, upper p  

estimate respectively if there exist a constant C < ∞ so that x1, ⋯ ⋯ ⋯ , xn are finitely many 

vectors in X  , such that ∀α ∈ A, there is at most one i for which  {x = ∑ xi ,
n
i=1 Pαxi ≠ 0, 1 ≤ i ≤

n}  the inequality 

‖∑ xi

n

i=1

‖ ≥
1

C
(∑‖xi‖

p

n

i=1

)

1

p

, respectively, ‖∑ xi

n

i=1

‖ ≥ C (∑‖xi‖
p

n

i=1

)

1

p

 

If F1, ⋯ ⋯ ⋯ , Fn are a discrete finite subset of A, ∀x ∈ X , we say that decomposition has a 

discrete lower p  estimate with constant C , then  

‖x‖ ≥
1

C
(∑ ‖∑ Pαx

n

α∈Fj

‖

p
n

j=1

)

1

p
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Where Pα is idempotent [5 ].  

(𝟏. 𝟕)Definition (Type and Co type) 

If p, q (type ,co type) respectively then every USD decomposition for X has a discrete ( upper p , 

lower q) estimate where the constant depend only on the definition (1.3) of decomposition and 

p, qconstant of X such that if 1 < 𝑝 ≤ 2 then every USD for subspace of a quotient of Lp has a 

discrete ( upper p , lower 2) estimate , while 2 ≤ p < ∞ then every USD decomposition for X 

has a discrete ( upper 2 , lower p) estimate [ 2, Theorem 6.2.14].we will used this definition in 

the following theorem when there is a surjective homomorphism from L(Y)onto L(X) for 

transferring information from Y to X. 

(1.8) Theorem 

Let (Eα)α∈A  a family of USD  for X that has a discrete lower p estimate ,  1 ≤ p < ∞and Y ⊇ X , 

if  A1, ⋯ ⋯ ⋯ , An disjoint of subset of A and PAj is basis defined in definition (1.2) and 

K1, ⋯ ⋯ ⋯ , Kn are operators in  L(Y) , then there exist a constant C < ∞ is the discrete lower p 

constant of (Eα)α∈Asuch that   

‖∑ KiPi

n

i=1

‖ ≤ C (∑‖ki‖
q

n

i=1

)

1

q

,
1

p
+

1

q
= 1 

Proof. 

Letx ∈ X. then  

‖∑ KiPix

n

i=1

‖ ≤ ∑‖Ki‖

n

i=1

‖Pix‖ ≤ (∑‖ki‖
q

n

i=1

)

1

q

(∑‖Pix‖p

n

i=1

)

1

p

 

≤ 𝐂 (∑‖ki‖
q

n

i=1

)

1

q

‖x‖ 

(𝟏. 𝟗)Definition (Almost discrete)  

Let (En)n=1
∞  a family of sets and (E1 ∩ E2), (E2 ∩ E3), ⋯ ⋯ ⋯ ⋯ , (En−1 ∩ En) is finite we say 

that En is an almost discrete. 

(𝟏. 𝟏𝟎)Definition[ 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 ( ⋇)] 

Let {Nτ: τ < 𝐶} is an almost discrete continuum of natural numbers of infinite sets for eachτ <

𝐶, and let (En)n=1
∞  is unconditional FDD for X defined in (1.4), then X is symmetric to closed 

linear span of subspaces. Subsymmetric bases and the sum direct of two banach spaces are 

obvious examples of FDDs that have property (⋇).In corollary (1.14) and proposition (1.11). We 
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review that the Haar basis for LPhas property (⋇), and the consequence by using the definition 

(1.10). 

(1.11) proposition  

Let (En)n=1
∞  is unconditional FDD for X and (En) has property (⋇) see before is an almost 

discrete family {Nτ: τ < 𝐶}in (1.10).LetΨ is a nonzero, non-injective continuous homomorphism 

from L(X)onto a Banach algebra 𝒢.Then for each τ < 𝐶, Ψ(PNτ
)is a nonzero idempotent in 

𝒢.Furthermore, if F is finite subset then there is constant C < ∞ such that ‖∑ Ψ(PNτ
)τ∈F ‖

𝒢
≤ C. 

If 𝒢 is a sub-algebra of L(Y) for some Banach space Y, then Ψ(PNτ
) is a family of 

computingAccessories to Y of projections related with USD  for a subspaceY0ofY. 

Proof. 

Let F is a finite subset of {τ: τ < 𝐶} , Nτ ∩ Nδ ⊂ ℋ so that ℋ is finite set of natural numbers for 

all {τ , δ} ∈ F. PNτ
has a range symmetric to X and Ψ is not zero then Ψ(PNτ

) is nonzero 

idempotent in 𝒢. Assume that 𝒮τ = PNτ/ℋ and {PNτ
− 𝒮τ, ∀ τ ∈ F} we find that the basis 

projections from X onto span̅̅ ̅̅ ̅̅ {En: n ∈ Nτ} are closed spans of disjoint subsets of  (En)n=1
∞  and Ψ 

is nontrivial ideal in L(X)contains the finite rank operators such that Ψ(PNτ
) = Ψ(𝒮τ)for each 

τ ∈ F so  

‖∑ Ψ(𝒮τ)

τ ∈F

‖

𝒢

≤ ‖∑ 𝒮τ

τ ∈F

‖ ‖Ψ‖ ≤ C‖Ψ‖, 

whereC is the suppression constant ( 1.3). The last statement is now clear. 

After this preliminary we will mention the main theorem in this article. 

(1.12) Theorem  

A banach space X  has a Wiza property if  (En)n=1
∞  is unconditional FDD such that (En)n=1

∞  has a 

property (⋇) and has a discrete lower p estimate [Therem (1.8)] for some p < ∞. 

Proof. 

To prove this theorem we will suggest that we can obtain a contradiction by continuing the 

proposition (1.11). Let Ψ is a non-injective continuous homomorphism from L(X) onto L(Y ) for 

some nonzero Banach space Y .Where theproperty (⋇) of (En) is proved and for F ⊂ N,Thebasis 

projection of {En: n ∈ F} is denoted by PF.We suggest that if a contradiction exists, it is sufficient 

to show that the subspace Y0 is complemented in  .In fact, if Y0 is completed in Y, then L(Y0) is 

symmetric as Banach's algebra to the sub-algebra of L(Y).However, when defining Y τ =

Ψ(PNτ
)Yfor τ <  𝐶, we know that (Y τ)τ< 𝐶is USD of Y0.Thus L(Y) cannot be a continuous image 

of L(X)since X is separable and has an unconditionalFDDthen the density character of L(X) is 

equal to c .Thus the theorem ends. 
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To prove that Y0 must complete in Y, we use Proposition (1.11) we have‖∑ Ψ(PNτ
)τ ∈F ‖

L(Y)
≤ C 

and [Therem (1.8)]That is, we only need to find the constant C to approve (Y τ)τ< 𝐶  has a  

discrete lower p estimate so If F1, ⋯ ⋯ ⋯ , Fn are a discrete finite subset and y in Y ,then  

‖y‖ ≥
1

C
(∑ ‖∑ Ψ(PNτ

)y

τ ∈F

‖

pm

j=1

)

1

p

                                         (1) 

As in Proof Proposition (1.11), we can writeΨ(PNτ
) = Ψ(𝒮j) with 𝒮jfor 1 ≤ j ≤ m , So (1) can be 

rewritten as 

‖y‖ ≥
1

C
(∑‖Ψ(𝒮j)y‖

p
m

j=1

)

1

p

                                         (2) 

From Therem (1.8) for any K1, ⋯ ⋯ ⋯ , Km in L(Y)we have 

‖∑ KjΨ(𝒮j)

m

i=1

‖ ≤ C (∑‖Kj‖
q

m

j=1

)

1

q

,
1

p
+

1

q
= 1                     (3) 

 Where C depends only on p Take any y ∈ Y and take λj ≥ 0 with  

∑ λj
q

m

i=1

= 1      and  ∑ λj‖Ψ(𝒮j)y‖

m

j=1

=   (∑‖Ψ(𝒮j)y‖
p

m

j=1

)

1

p

 

Let Y0  ∈ Y be any unit vector and let Kjbe Ψ(𝒮j)followed byΨ(𝒮j)y ⟶ λj‖Ψ(𝒮j)y‖y0.Then by 

(3), 

(∑‖Ψ(𝒮j)y‖
p

m

j=1

)

1

p

= ∑ λj‖Ψ(𝒮j)y‖

m

j=1

= ‖∑ KjΨ(𝒮j)y

m

i=1

‖ 

≤ C (∑‖Kj‖
q

m

j=1

)

1

q

‖y‖ ≤ C‖y‖ , which is (2) 

(1.13) Corollary  

A banach space X  has a Wiza property if has a finite cotybe and subsymmetric basis. 

(1.14) Corollary  

The Haar basis (hi)0
∞is an unconditional basis of Lpthen has a Wiza property for 1 < 𝑝 < ∞.  
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Proof. 

From Theorem (1.12) and definition (1.10),we show that the Haar basis of Lp has a property (⋇). 

Define for τ <  𝐶an unconditional haarbasis for Lp(0.1) as follows  

Xτ = span̅̅ ̅̅ ̅̅ {hn,i: n ∈ Nτ, 1 ≤ i ≤ 2n} 

So that (hn,i) is the set of functions of sub-intervals of (0, 1) that have length 2−n, Xτ is 

symmetric to Lp with the isomorphism constant depending only on p  by theorem in[6]. 

2. Examples and properties 

We show some of examples of spaces with a property (⋇) and with a Wiza property and prove 

some properties ofdefinition (1.10). 

 

(𝟐. 𝟏)Definition 

Let(En)n=1
∞ is an unconditional FDD for X,We say that (En) has property (⋇) with  , there is 

{Nτ: τ < 𝐶}of infinite sets of  ℕfor eachτ < 𝐶, X is  , such that K is positive constant and 

symmetric  to the closed linear span of {En: n ∈ Nτ}.However, we need this quantitative idea to 

fully generalize Theorem(2.5).  

(2.3) Definition  

We define the subspace of (⨂n=1
i Xi)y

 of all sequences of the form (0, . . . , 0, xi, 0, . . . ) by(Xi ⊗

 ei).for =  1, 2, . ..  , where (ei) is an unconditional basis for Y and Xi and ‖x̅‖ = ‖∑ ‖xi‖.∞
i=1 ei‖Y 

is finite. 

(2.4) Theorem 

Let(En
i )

n=1

∞
is an unconditional FDD forXi,satisfying property (⋇) and definition (1.6) with a 

constant , for i =  1, 2, . .. , we say that (⨂n=1
i Xi)y

 has a Wiza property if an unconditional 

FDD(En
i ⨂ei)i,n=1

∞
 of  (⨂n=1

i Xi)y
satisfies (⋇)for each subsymmetric basis (ei) of Y, and (ei) has 

such an estimate. 

Proof. 

By definitions (1.10) and (2.1).Let{Nτ
i: τ < 𝐶}, it is sufficient to prove that theWiza property 

follows theorem (1.12) then  

{(i, n): i ∈ Nτ and n ∈ Nτ
i} 
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is an almost discrete continuum of subsets ℕ × ℕ . if(En)n=1
∞ satisfy theorem (1.12) have 

discrete lower p estimates and (ei) has such estimate then the unconditional FDD (En
i ⨂ei)i,n=1

∞
 

satisfy definition (2.1). 

(2.5) proposition 

XpSatisfies theproperty (⋇) and Wiza property if p ∈ (1, +∞)\{2} 

Proof. 

Let p > 2. Assume thatℕ as a discrete union of finite subsets ζj for j =  1, 2, . . ., with| ζj | → ∞. 

fori ∈ ζjlet ζi = | ζj |
2 – p 

2p , so ηi → 0 and for every j,∑ η
i

2 – p 

2p
i∈ζj

= 1.letEj = span (ei ⊕ ζifi)i∈ζj
for 

any infinite sub-sequence of unconditional FDD (Ej), the closed span of this subsequence is 

similar to Xp. FDD is unconditional because it liein Lp, it has a lower p estimate. Consequently 

the result follows theorem (1.12). Trace case 1 < 𝑝 < 2 given the dual FDD. 

In [7] we find a few more is omorphically distinct spaces that are isomorphic to complemented 

subspaces of Lp when p ∈ (1, ∞) \ {2}Based on Xp and the classical complementary subspaces 

of Lp,can  show that they all have the (⋇) and Wiza property.from theorem (2.5) and Based on 

XpThis space is  denoted by Bp in [7].The ℓpsum of spaces Xieach having a one symmetric 

basiswith uniform constant.ifXi is isomorphic to ℓ2 the isomorphism constant tends to (∞). 

Bphas (⋇) and the wiza property. 

Also in [8] for p ∈  (1, ∞)\{2} the first infinite family of non-isomorphic complemented 

subspaces of Lp is generated .generally, if (En
i )

n=1

∞
is an unconditional FDD forXi , X1, X2Y1, Y2 

subspaces of Lp(Ω)and Τi ∈ (Xi, Yi)Then (En
1⨂pEm

1 )
n,m=1

∞
is an unconditional FDD such that  

Τ1⨂pΤ2 ∈ L(X1⨂p X2, Y1⨂pY2) . (This was done in [8]), that the(X ⨂p Y)isomorphism class 

depends only on the isomorphism classes X and Y and that if X and Y are complemented in 

Lp(Ω), then (X ⨂p Y) is complemented in Lp(Ω2).Also we define by Xp some isomorph of Xp 

that is complemented in Lp[0, 1]. letY1  =  Xp, and for n =  2, 3, . .. , let Yn  =  Yn−1⨂p Xp. it is 

clear that the spaces Yn are complemented in some Lpspace isometric to Lp[0, 1].  

(2.6) Theorem 

Let's say X1, . . . , Xn are Banach spaces, each of which has an unconditional FDD with property 

(⋇). Suppose Y1 ⊗ ⋯ ⋯ ⊗ Yn denotes the tensor product with norm in some n classes with the 

following properties: 

I. for j =  1, . . . , n, IfΤj ∈ (Yj, Qj)then 

Τ1 ⊗ ⋯ ⋯ ⊗ Τn: Y1 ⊗ ⋯ ⋯ ⊗ Yn ⟶ Q1 ⊗ ⋯ ⋯ ⊗ Qn 

Is bounded. 
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II. If Yj has an unconditional FDD (Fn
j

)
n=1

∞
, then (Fn1

1 ⊗··· ⋯ ⊗ Fnm
j

)n1,.…..,nm=1
∞ is an 

unconditional FDD for the completion of (Y1 ⊗ ⋯ ⋯ ⊗n Yn).  

Then, if (X1, . . . , Xn), the completion of (X1 ⊗ ⋯ ⋯ ⊗ Xn) has an unconditional FDD with 

property (⋇). 

Proof. 

Let(En
i )

n=1

∞
is an unconditional FDD forXi, for each =  1, . . . , m. By definition (1.10){Nτ

i: τ <

𝐶, 𝑛 ∈ Nτ
i}. Consider  

{Nτ
1 × ⋯ × Nτ

m: τ < 𝐶} 

The continuum of subsets of ℕm. This is an almost discretecollectionwhose origin is considered 

a continuum. 

Property (II): tensor norms (En1
1 ⊗··· ⋯ ⊗ Enm

j
)n1,.…..,nm=1

∞ is an unconditional FDD for the 

completion of (X1 ⊗ ⋯ ⋯ ⊗ Xm).  

Property (1) for each < 𝐶, the closed linear span of  

(En1
1 ⊗··· ⋯ ⊗ Enm

j
)(n1,.…..,nm=1)∈Nτ

1×⋯×Nτ
m 

is isomorphic to the completion of (X1 ⊗ ⋯ ⋯ ⊗ Xm). 

it is clear from definition(2.3)  that if X1, . . . , Xm are subspaces of Lp for 1 ≤ p < 2 that have 

subsymmetric bases, then (X1 ⊗ ⋯ ⋯ ⊗ Xm) has property  (⋇) and the Wiza property.(For p >

2, the isomorphism includes only ℓpand ℓ2). 

(2.7)Problem  

Let∈  (1, ∞)\ {2},suppose thatX a complementary subspace of Lp.Does X have a Wizaproperty? 

When  X has an unconditional basis and itis one of theℵ1spaces was done in [9]. 

We finalize this part by discussing another class of classic Banach spaces that has the property 

(⋇)and Wiza property; That is, the NeumannCp representations of compact operators Ton ℓ2 of 

(T ∗ T)1/2 eigenvalues are p summable. WeHandle case 1<  𝑝 < ∞ but then note how one can 

prove that C1 (the operators of the trace class on ℓ2) have a Wizaproperty. Neither C1 nor its 

pre dualC∞ has an unconditional FDD [10] and therefore these spaces do not have a property 

(⋇).In the complement, letp = 2because C2, being isomorphic with ℓ2, has already been 

discussed. 

First, assumeTp subspace of Cp formed by the lower trigonometric matrices of Cp.Here we 

exclude p = 1, p = ∞ and p = 2. There is no unconditional basis for Tp and Cp [10], but Tp has a 
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unconditional FDD (En) ; which is En= span1≤j≤nei ⊗  ej ; That is, the matrix is in En if and only if 

the only nonzero terms are in the first n entries of  the n-throw. Since multiplying all entries in a 

row with the same standard order of magnitude is equal scale on Cp , (En) up to 1-

unconditional. If  M is an infinite subset of  N,let Tp(M) be the closed span in Tp of (En)n∈M and 

is norm one complemented in Tp Since (En) is 1-unconditional We claim  that Tp is isometric to a 

Kp-complemented subspace of Tp(M)  with Kp independent of M. The space Tp is isomorphic to 

ℓp(Tp) [11, p. 85], thus the decomposition in [2, Theorem 2.2.3] shows that Tp is isomorphic to 

Tp(M). Thus Tp has property (⋇).  

Theorem (1.12) applies because Cp has finite cotype when p < ∞, so Tp has the Wiza property 

when 1 <  𝑝 < ∞. Now for 1 < 𝑝 < ∞, Tp is complemented in Cpthrough the projection that 

zeroes out the inputs that lie above the diagonal [12], [13], it follows  [11] that Tp is isomorphic 

to Cp. Furthermore, for M an infinite set of N, there is  subspace Y of Cp that is isometric to 

Tp(M)  such that Tp ⊂ Y , which is required. 

(2.8)Theorem 

The space Tp has the property (⋇)for 1 < 𝑝 < ∞. Then, the space Cp has the Wiza  property for 

1 <  𝑝 <  ∞. 

As stated earlier, it can be shown that C1 has the Wiza property which does not have 

unconditional FDD. despite this, the Cp norm for 1 ≤  p ≤  ∞  in [10] is called the unconditional 

matrix norm; i.e., the norm of a linear combination of the natural basis elementsis equivalent to 

the norm of sequences of (εi)i=1
∞  and (δj)j=1

∞ . One can determine the property variance (⋇) of 

bases with this unconditional property, and check that the normal bases for Cp, It fulfills this 

characteristic, and proves a copy of Theorem (1.12). This shows that C1 has a Wiza property 

.This difference from Theorem (1.12) does not apply toC∞, which does not have ainfinite cotype 

defined in (1.7), and we do not know if C∞ has a Wiza property. The main reason for bringing 

Cpis to explain why the property (⋇) for FDD unconditionalrather than just unconditional bases. 
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