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1 Introduction

The notion of cone metric spaces is defined and discussed by Huang [9]; later, Abbas and Jungck[1]
derived certain significant fixed point results, without using continuity. Azam, Kumar and Wang[4, 13, 18]
are some others who studied and extended the theory further in this context. Wardowski[17] introduced
the idea of H'-cone metric to estimate the distance among two sets in a cone metric space and proved a
Nadler’s type of fixed point theorem.

In 2013, Arshad and Ahmad[3] studied the concept of fixed points of multivalued mappings
without normal cone by modifying the definition of Wardowski. The equivalence between the theorems
of Arshad, Ahmad and Nadler is proved by Huang et al.[10]. In 2002, Branciari[5] introduced a integral
type contractive condition for mappings on metric space and proved certain fixed point results. Khojastech
et al.[12] distended the theory in the field of cone metric spaces with normal cone. The concepts like
commutativity, compatibility, weakly compatibility and R -weakly commutativity are defined and
discussed (see [7, 11, 14, 15]).

In this paper, we define a hybrid pair of mapping namely Dc-weakly demicompact mapping. As
sequel we prove that any Dc-weakly demicompact mapping which satisfies a specified integral type of
contractive condition has a coincidence point; in follow we authenticate the existence of a common fixed
point for a pair of De-weakly demicompact mappings. Finally, we present an application of our core
result.
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2 Preliminaries
Let E denotes the real Banach space and with zero element 6. Let P € P(E) — {6}, then P
is said to be a cone if
(Cl) ku+lvePVyu,veP and k,l €0, 00);
(C2) @ isthe only memberin P which has additive inverse in P.
Let < beapartialorderin P definedby yu <v ifandonlyif v—pu € P. u <v indicates u <
v but p#v. u<<v indicates v — u belongs to interior of u. u is said to be normal if there exist
k =0 suchthat ||u|| < k|lv]| ¥V u,v € E with 8 < u < v; such a least positive number is said to be a
normal constant.
Definition 2.1 [9] A function ¢:S% — E, is called as a cone metric if it satisfies:
(CM1) 6 < a(p,q)VPp,qES;
(CM2) o(p,q) = 0 iff p=gq;
(CM3) a(p,q) =0(q,pP) VP, q ES;
(cM4) o(p,q) 2 o(p,r)+0a(r,q)Vp,qr€ES.
In order to avoid ambiguity, we denote a cone metric space by S,.
Definition 2.2 [7] Let A+ @ and B # @ be bounded closed subsets of a metric space S. Then
Hausdorff metric is given by

H (A, B) = max{supinfo(p, q),supinfa(p, q)}.
peAdEB qeBDEA

Definition 2.3 [3] Let C(S) = {A € S/Ais closed}. Amap H:C(S5)? > E s said to be
H-cone metricon C(S) if it satisfies

(HC1) 6 < H(A,B) V A,B € C(S);

(HC2) H(A,B) =0 iff A=B,;

(HC3) H(A,B) =H(B,A) V A,B € C(S);

(HC4) H(A,B) X H(A,C)+H(C,B) ¥V A,B,C eC(S);

(HC5) If A,B €C(S), 8§ <e €FE with H(A,B) <¢, thenforeach a € A there exists
b € B suchthat g(a,b) <e.

Let v;,v, € E and v; < v,. Define
[vi,v2] ={v€E€E:c=2Av, + (1 — vy, for some A € [0,1]}
[vi,v,) ={vE€E:c=Av, + (1 — v, for some A € [0,1)}
The set {v; = ugy, uq, -, Uy, = V,} issaid to be a partition for [vy,v,] iff the sets {[u;_q,u;)}=, are
n
pairwise disjoint and [vq,v,] = {,U1 [ui—, u)} U {v,}.
1=
Let Q be a partition and ¢: [v,,v,] = P be an increasing function. Then
Ly =255 ¢llwg — upall and Up = I d(uirn)l | — uiya |
are called as cone lower sum and cone upper sum respectively. (see [12])
Definition 2.4 [12] An increasing function ¢:[v,,v,] = P issaidto be an integrable function simply, cone
integrable function if
limL, =U = limU,

n—oo n—-oo

where U must be unique. The common value of U is denoted by f:z ¢dp
1

Definition 2.5 [11] Let D:S — B(S) and C:S = S. Apoint p €S is said to be
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(i) a coincidence pointof D and C, if Cp € Dp.
(ii) a common fixed point of D and C, if p = Cp € Dp.
Definition 2.6 [2, 6, 16] Let C:S — S and D:S = P(S).
(i) The self mapping C is called as sequentially convergent if every sequence {p,} €S, {Cp,}
is convergent implies {p,} is convergent.
(i) The multivalued mapping D is called as weakly demicompact if every sequence {p,} €S
such that p,,; € Dp, and Tllijgloa(pn, Pn+1) = 0, having a convergent subsequence

{Pnk}keN-
(iii) The pair (ID,C) is called as weakly compatible if they commute at their coincidence point.

Definition 2.7 [8] A sequence {p,} in S is called as asymptotically regular if lim o(ppi1,Pn) = 0.
n—oo

3 Main results
Throughout this section, let ¢ be a nonvanishing self map on P which is subadditive cone

integrable for any [u,v] € P with 8 << f; ¢dp, V 0 <e.

Definition 3.1 Let A = P(S) — 0. A pair of mapping D:S = A and C:S — S is called as D-weakly
demicompact if for every asymptotically regular sequence {Cp,} in S with Cp,,, € Dp,, there exists
a convergent subsequence.
Example 3.2 LetE = {u:[0,1] - R| uis continuous} and P = {u|0 < u(t) vt € [0,1]}. Let 0:[0,1)% —>
E be a function defined by a(p,q) = |p — q|et. Then by considering E as a real Banach space with the
normal cone P, o is a cone metricon [0,1).Let H:G([0,1))? - E be a function defined as
H (Dp, Dq) = 3, (Dp, Dq)e’,
where H,, is the standard Hausdorff metric.
Let C:[0,1) - [0,1) and D:[0,1) = €([0,1)) be defined as C(p) =sinp and D(p) =

[0,sinp]. Let py € [0,1). Choose a point p; such that

C(p1) = sinp; € [0,sinp,] = D(po).
which implies that C(p;) < sinpg. Again choose a point p, such that

C(pz) = sinp; € [0,sinp;] = D(p,).
It follows that C(p,) < C(p1). Proceeding like this we get a monotonically decreasing sequence - <
C(pn) < C(pp-1) < < C(py) < C(py) which is bounded below by 0 and hence %i_r)1010|6(pn)| =0.

The sequence of the form {Cp,:Cp,+1 € Dp,,} is convergent and lim o(Cp,, Cp,y1) = 6. Hence the
n—oo

pair of mappings (ID,C) is De-weakly demicompact.
Let W be the class of all continuous self mappings on a cone P that satisfies the following

property

a) Each Y € W is subadditive and sequentially convergent;

b) p=g=>y{@) Y@ V YyeY¥;

c) Y(p)=0 iff p=6 V Y eV,

d) Y(kp) = ky(p) forsome k>0 V y € V.
Theorem 3.3 Let (ID,C) be a De-weakly demicompact mapping such that C is onto and D(S) S
C(S). Let H bea H-cone metricon C(S) such that forsome A € (0,1) and Y € ¥,

b ([P gq,) < 2 ( ocan $dp)Vp,q €S and € Dp, (1)
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then there exists p € S such that Cp € Dp.
Proof. Let py €S and gy = Cpy,. Since C isonto, there exists p; € S such that
g1 = Cp, € Dpy. Suppose q; = qo, then Cpy € Dp, as desired.

If g, # qg, then 8 < 0(q4,qp)- Suppose € = H (Dpy, Dp,) + 20(q¢,q1) where 1 > 0, then
we have H (Dpy, Dp,) < €. But by (HC5), there exist p, € S such that q, = Cp, € Dp4, 0(q1,92) <
€. Thus we get that

0(q1.92) H(Dpo,Dp1)+a0(¥o,¥1)

¢dp = ¢dp
f f
8 8

H (Dpo,Dp1) A0 (qo0.91)

=< f ¢dp + f ¢dp
60 6
Since Y is an increasing mapping, we have

0(q1,92) H (Dpo,Dp1) A0 (q0,91)

o [ ed)=w| [ s+ [ s
0 0 0

H(Dpo,Dp1) 206(q0,91)

<p{ | ed)rw| [ e
0 0

0(Cp1,Cp1) 2A0(q0,91)

<wl [ ek )ew| [ e
0 0

0(q1.92) A0(q0,91)

ol [ oa )z [ oar)
0 0

Now suppose € = H (Dpy, Dp,) + 120(qo,q1), then we have H (Dp,,Dp,) < €. Again by (HC5),
there exists p; €S so that g3 = Cp; € Dp,, 0(q,,q3) < €. Analogous to the above argument it can
be derived that

0(q2.93) 2%0(q0,q1)

o [ ed)=ul [ ed
0 0

Proceeding as above, we get q,+1 = Cpp+1 € Dp,, forsome p,,4 €S and

0(dn.9n+1) A0 (q0,91)
Y f ddp | 2 f ¢pdp
6 ]
Letting n — oo on both sides, we get
0(dn.9n+1) Aa(q0.91)
lim j ¢dp | 2 limy f ddp
n—oo n—-oo
6 ]

n
As 1€ (0,1), we have lim f; o(do41) ¢dp = 6. Also since 1 is continuous, it follows that
n—-oo

lim v (flna(qo’ql) q’)dp) = 6 and therefore

n—-oo 0
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0(dn.9n+1)
lim f bdp | = 6.
n—oco
(%]

But lim fa(q” An+1) ¢dp = 0, as P is sequentially convergent. Thus we have lima(q,, qne1) = 6.
n—oo

n—-oo

Now since the pair (D,C) are D.-weakly demicompact, there exist a convergent subsequence {qy, }
of {q,}. If we let ’li_g)loan = u, then there exist a point v € § such that Cr = u.
Finally, we claim that 7 is the required coincidence point. Now suppose € = 3 (Dpy, _1, D7) +
A" a(qo, q1), then H (Dpy, _1,Dr) < €. By (HCS), there exists 7, € Dr such that
0(CPny Ty) < H(Dppy—1, D) + A3 (qo, 1)
Thus we have

o (CPnyTny) H (Dpn;,-1,D1)+1"k0(q0,91)
f ¢dp < f ¢dp
0 2]
H(Dpp,—1,D1) A"k 5 (q0,q1)

< f Pdp + f Pdp
7] 6

But since Y isincreasing and subadditive, we get

o (CPnyTny) H(DPny—1,D7) A"k (qo,91)
ol | ede|swl | ea|rw| | ea
8 8 8
Then by (1), it follows that
U(Cpnk:rnk) U(Cpnk'er) /’lnkO'(QO q1)
ol [ ea)<m| |
6 6

By taking limit k — oo on both sides we get
O'(CPnvank) U(CT'CPnk)

’llml,[) f ¢dp | 2 Alimy f dp |+ limy
6 6

Am k”(‘lo q1)

k—oo k—oo

o (Cr,Cpny,) A"ka(qo q1)

k—oo

lmwl [ ey | = fimy

Since i is continuous, 4 € (0,1), and gim o(Cr,Cpy,) = 6, we have
9 )

Therefore, Iliml/) (f;wpnk'r”") ¢dp) =0, and as Y is sequentially convergent,
U(Cpnk»rnk)
6
Thusitfollowsthat limr, = p.Nowsince {r, } isasequencein Dr and Dr isclosed, we have u =
n—oo
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Cr € Dr as desired.

Example 3.4 Let E = {u:[0,1] -» R|u is continuous} and P = {u(t)|0 < u(t)vVt € [0,1]}. Let
0:(0,1)%2 > E be a function defined by a(p,q) = |p — q|et. Then by considering E as a real Banach
space with the normal cone P, it is easy to see that ¢ is a cone metricon (0,1). Let F:€((0,1))? > E
be a function defined as
H (Dp, Dq) = H,,(Dp, Dq)e’,
where H,, is the standard Hausdorff metric.
Let D:(0,1) -» €((0,1)) and C:(0,1) — (0,1) be the mappings defined by

B s

—J2 P =3 — 2

D®) =41 3 _ ; and C(p)=p° Vpe(01).
32l ifr>s

Then clearly, C is onto and for every asymptotically regular sequence {Cp,} in (0,1) with Cp,1 €
Dp,,, Cp, € EZ] V n. Thus there exists a subsequence {Cpy,,} of {Cp,} such that %i_r&l@pnk -
l| =0, forsome [ € (0,1). Hence it follows that

1£i_r)rgoa(6pnk, D= 7lli_r)r010|6pnk —llet =0,

which implies (D,C) is De-weakly demicompact. Let ¢: P — P be a mapping defined by ¢(t) =

t,then [""PPV ¢dp =06, as H(Dp,Dg) =06 V p,ge (0. ([, """ ¢dp) =0vVy ey
Since 8 < 0(Cq,7r)V¥p,q € (0,1) and r € Dp, we have 6 < f;(eq'r) ¢(t)dt Vp,q € (0,1) and r €
Dp.

Now it follows that, forany ¥ € ¥ and A € (0,1),

0 < /h,l)( GG(CW) q’)(t)dt) Vp,q € (0,1) and r € Dp.

Thus by Theorem 3.3, D and C has a coincidence pointin (0,1).
Here note that if we replace C as
. 1
p ifpe (O'Z)
C(p) = p+2 . 1

— ifpe [Z’ 1)
in the above example, then all the premises in Theorem 3.3, except the function C to be onto holds
whereas its inference do not hold.

In follow we give an example to prove the necessity of a pair of mapping (ID,C) to be De-weakly
demicompact in Theorem 3.3.

Example 3.5 Let S = {0, Yh=1 %: =123 } Let E,P,d and H be asinexample 3.3. Let D:S —
C(S) and C:S — S be the mappings defined by
3 .
{0, E} ifp=0
3 .
D(p) = {1,5} ifp=1

11 . 1
{OJlJ Zz:% ;} lfp = Z‘;}:l ;ln = 213141 o
and
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1 ifp=0
C’(p) — 0 lfp =1 .
p ifp=Xr_ o= 2,3,4, -

Then clearly H'(Dp,Dq) = 6 and C is onto. Let (p,) = ( he1 %) be a sequence, then {Cp,} is an

asymptotically regular such that Cp, € Dp,,,. Clearly {Cp,} is an increasing sequence which is not
bounded above and hence no subsequence of {Cp,} is convergent. Thus the pair of mapping (ID,C) is

OO _ g

not De-weakly demicompact. But for any ¥ € ¥ and ¢:P — P, we have 1/1( P

since 6 < d(Cq,r)Vp,q €S and r € Dp, we have

0= f;(cq’r) ¢(t)dt Vp,q €S and r € Dp. Thusforany ¥ € ¥ and 1 € (0,1),
o(Cq,r)

0= f ¢(t)dt | Vp,q € Sand r € Dp.
6

Thus all the requirements in the hypothesis of Theorem 3.3 except the pair of mappings (ID,C) to be
De-weakly demicompact are satisfied and clearly its conclusion fails.

Theorem 3.6 In Theorem 3.3 assume that (D,C) is weakly compatible and CCp = Cp for each
coincidence point p of D and C, then D and C have a common fixed point.

Proof. By Theorem 3.3, D and C have apoint r €S suchthat u = Cr € Dr and hence

Cr € ¢(Dr). As (D,C) is weakly compatible, we have C(Dr) = D(Cr) and therefore

Cu € D(Cr) = Du. But since r € S, we have Cu = CCr = Cr = u as desired.

Corollary 3.7 Let (D,C) be a pair of De-weakly demicompact mappings such that C is onto.
Suppose there exists a H-cone metricon C(S) and A € (0,1) such that

[P ga, < 2 7€ pdp, v p,q €S and r € Dp. 2)
Furtherif (ID,C) is weakly compatible and CCp = Cp for each coincidence point p of D and C,
then D and C have a common fixed pointin S.

Proof. The proof follows trivially if we let ¥(p) = p in Theorem 3.6.

Corollary3.8 Let D:S — C(S) be a weakly demicompact set valued mapping. If there exists H-cone
metricon C(S) and A € (0,1) such that

[FEPPD ga, < 2 (797 ¢dp, ¥ p,q €S and T € Dp, (3)
then D have a fixed pointin S.

Proof. If we let C(p) = p, then the proof follows from Corollary 3.7.

4 Application
Here, we use Corollary 3.8 to prove the existence of solutions for a set of Fredholm type integral
inclusions. First let us fix some notations. Let B = {f:[a;,a,] » R | f is continuous} and Cgbe the
collection of all nonempty closed and bounded subsets of B.
Let G ={g1,92,93 ***»gn}- Then clearly G be an element of Cp. Let G:[a;,a;] = Cz be a
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map defined by G(t) = G. Let m:[aq,a;] X R = R be a map that satisfies |f;12 m(s,x(s))ds| < a, —
a, and
Im(s, x(s))gi(t) —m(s, y(s))g; ()| < |y(s) — u(s)|max{|g;(O)], |g;(®)[} (4)
forall t € [aq,a;] and 1 <i,j < n,where u(t) € f(t) + faizm(s,x(s))(}(t)ds.
Let M; = sup g;(t) and M = 1nslias>§lMi. Let f(t) € B and

a;<t<a,
x() € f(D) + J m(s,x()G(D)ds, t € [ay, ] (5)
be a Fredholm type integral inclusion.
Let S = span{f(t), g.1(t),g>(t),g3(t),::,gn(t)} and E be the set of all real valued
continuous functions on [0,1]. Let
P={u@):0<u)vtel01]}
and Let 0:S? » E be a mapping defined by

a(f,9) = (éﬁlﬁ]lf(t) - g(t)|> e'Vf,gE€ESs.

Then by considering E as a real Banach space with the normal cone P, itis easy to see that ¢ isacone
metric on S. Now we prove a theorem which gives a sufficient condition for the existence of a solution of

(5).

Theorem 4.1 If (a, — a;)M < 1, then the Fredholm type integral inclusion (5) has atleast one solution
in S.
Proof. Let D:S — C(S) be defined by
Dx(t) = {u(t) € S |u(®) € £(8) + [, m(s, x(s)G(t)ds}.
Let {x,(t)} be an asymptotically regular sequence in S such that x,(t) € Dx,,1(t) and let
T, = |f;12 m(s, xn(s))ds|. Then clearly the sequence {r;;} € R is bounded and hence there must

exist a convergent subsequence {r,, } which convergesto [(say). Now consider

0 (1 (8), f(£) + M) = <tefup ] |F(6) + [ m(s xn(s))gids — £(£) — Ml|) %
a,,az
Then ’}im 0 (Xp,-1(t), f(t) + Ml) = 6 and hence D is weakly demicompact. Here note that to prove
the existence of a solution for the integral inclusion (5), it is enough to show that D has a fixed point.
Let H:C€(S)? - E be a mapping defined by
H (Dx, Dy) = H,(Dx, Dy)et,
where H,, is the usual Hausdorff metric. Let v(t) € Dx(t) and z(t) € Dy(t), then
v(t) = f(t) + f;lzm(s,x(s))gi(t)ds and z(t) = f(t) + f;fm(s, y(s))g;(t)ds for some i,j. Now

forall t € [aq,a;],

lv(t) — z(t)| = _[ m(s,x(s))gids— f m(s,y(s))g]-ds

gf |m(s,x(s))gi —m(s,y(s))g,lds
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Thus

< (az — ay)|y(s) — u(s)|max{|g; (D), |g;(®)[}
< sup [|y(s) —u(s)l(az —a)M

a,<s<a,

it follows that o(v(t),z(t)) < (a, —ay)o(y(t),u(t))M . Similarly, we can prove that

H(x(),y(®) = (az —a)o(y (), u(t))M where u(t) € Dx(t). Now if welet ¢p(x) =x in (3), then
H(x,y) < Aa(y,u) whereu € Dx. Thus it is easy to see that D has a fixed point by using (a, —
a;)M <1 and Corollary 3.8.
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